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In this paper we shall consider the existence, uniqueness, and asymptotic
behavior of mild solutions to stochastic partial functional differential equations
with finite delay r > 0: dX(t)=[−AX(t)+f(t, Xt)] dt+g(t, Xt) dW(t), where we
assume that −A is a closed, densely defined linear operator and the generator of a
certain analytic semigroup. f: (−.,+.)×Ca QH, g: (−.,+.)×Ca QL02(K, H)
are two locally Lipschitz continuous functions, where Ca=C([−r, 0], D(Aa)),
L02(K, H) are two proper infinite dimensional spaces, 0 < a < 1. Here, W(t)
is a given K-valued Wiener process and both H and K are separable Hilbert spaces.
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1. INTRODUCTION
In recent years, existence, uniqueness, stability, invariant measures, and
other quantitative and qualitative properties of solutions to stochastic
partial differential equations have been extensively investigated by many
authors. It is well known that these topics have been developed mainly
by using two different methods, that is, the semigroup approach (for example,
Chojnowska-Michalik [4], Da Prato et al. [7], Dawson [11] and Kotelenez
[14]) and the variational one (for example, Krylov and Rozovskii [15]
and Pardoux [19]). On the other hand, although stochastic partial func-
tional differential equations with finite delays also seem very important as
stochastic models of biological, chemical, physical and economical systems,
the corresponding properties of these systems have not been studied in
great detail (cf. [1] and [25]). As a matter of fact, there exist extensive lit-
erature on the related topics for deterministic partial functional differential
equations with finite delays (for example, see [27] and references of [27]
there). We would also like to mention that some similar topics to the above
for stochastic ordinary functional differential equations with finite delays
have already been investigated by various authors (cf. [18] and [24] and
references in [18] among others).
In this paper, by using semigroup methods we shall discuss existence,
uniqueness, pth moment and almost sure Lyapunov exponents of mild
solutions to a class of stochastic partial functional differential equations
with finite delays,
dX(t)=[−AX(t)+f(t, Xt)] dt+g(t, Xt) dW(t), t \ t0,
Xt0=f ¥ L
p(W, Ca), t0 \ 0,
(1.1)
where f is Ft0 -measurable and −A is a closed, densely defined linear operator
generating an analytic semigroup S(t), t\ 0, on a separable Hilbert space H
with the inner product ( · , · ) and norm || · ||. Throughout this paper we shall
assume 0 < a< 1, p > 2 and define the Banach space D(Aa) with the norm
||x||a :=||Aax|| for x ¥D(Aa), where D(Aa) denotes the domain of the fractional
power operator Aa: HQH (we refer the reader to [20] for a detailed presen-
tation of the definition and relevant properties of Aa). Let Ha :=D(Aa) and
Ca=C([−r, 0], Ha) be the space of all continuous functions from [−r, 0]
into Ha, where 0 < r <.. Let K be another separable Hilbert space with the
inner product ( · , · )K and norm || · ||K. SupposeW(t) is a given K-valued Wiener
process with a finite trace nuclear covariance operator Q\ 0. Assume
f: (−.,+.)×Ca QH and g: (−.,+.)×Ca QL02(K, H) are two mea-
surable mappings, satisfying that f(t, 0), g(t, 0) are locally bounded inH-norm
and L02(K, H)-norm, respectively. Here L
0
2(K, H) denotes the space of all
Q-Hilbert–Schmidt operators from K into H (see Definition 2.1 below). We
also employ the same notation || · || for the norm of L(K, H), whereL(K, H)
denotes the space of all bounded linear operators from K intoH.
The contents of this paper are organized as follows. Beginning with some
preliminary results which are fundamental for the subsequent develop-
ments, we shall investigate in Section 2 the existence and uniqueness of
local mild solutions to a class of stochastic evolution equations. Section 3 is
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devoted to the study of pth moment and almost sure Lyapunov exponen-
tial stability properties of mild solutions by using an estimate for stochastic
convolution (see Lemma 3.1 below). Finally, we shall present in Section 4
an example which illustrates our main theorems.
2. EXISTENCE AND UNIQUENESS OF SOLUTIONS
Let (W,F, P) be a probability space on which an increasing and right
continuous family {Ft}t ¥ [0,+.) of complete sub-s-algebras of F is defined.
Suppose X(t): WQHa, t \ t0−r is a continuous Ft-adapted, Ha-valued
stochastic process, we can associate with another process Xt: WQ Ca,
t \ t0, by setting Xt(s)(w)=X(t+s)(w), s ¥ [−r, 0]. Then we say that the
process Xt is generated by the process X(t). Let bn(t) (n=1, 2, ...) be a
sequence of real-valued one dimensional standard Brownian motions
mutually independent over (W,F, P). Set
W(t)=C
.
n=1
`ln bn(t) en, t \ t0,
where ln \ 0 (n=1, 2, ...) are nonnegative real numbers and {en}
(n=1, 2, ...) is a complete orthonormal basis in K. Let Q ¥L(K, K) be an
operator defined by Qen=lnen with finite trace tr Q=;.n=1 ln <.. Then
the above K-valued stochastic processW(t) is called a Q-Wiener process.
Definition 2.1. Let s ¥L(K, H) and define
||s||2L02 :=tr(sQs*)=
3 C.
n=1
||`ln sen ||24.
If ||s||L02 <., then s is called a Q-Hilbert–Schmidt operator and let
L02(K, H) denote the space of all Q-Hilbert–Schmidt operators s: KQH.
Let MCa(t, p), p > 2, denote the space of all Ft-measurable functions
which belong to Lp(W, Ca), that is, MCa(t, p), p > 2, is the space of all
Ft-measurable Ca-valued functions k: WQ Ca with the norm E ||k||
p
Ca=
E{sup−r [ s [ 0 ||Aak(s)||p} <.. Throughout this paper, we shall impose the
following assumptions on the closed, densely defined linear operator
−A: HQH:
Assumption A. (a) −A is the infinitesimal generator of an analytic
semigroup S(t), t \ 0, on the separable Hilbert space H.
(b) There exist a constant M \ 1 and a real number a > 0 such that
||S(t) h|| [Me−at ||h||, t \ 0, for any h ¥H.
(c) The fractional power Aa satisfies that ||AaS(t) h|| [Mae−att−a ||h||,
t > 0, for any h ¥H, whereMa \ 1.
(d) ||S(t) h−h|| [Nata ||Aah||, h ¥D(Aa), Na \ 1.
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Under Assumption A, we shall consider the following stochastic integral
equation instead of (1.1) by carrying out a semigroup type argument men-
tioned above:
X(t)=S(t−t0) f(0)+F
t
t0
S(t−u) f(u, Xu) du
+F t
t0
S(t−u) g(u, Xu) dW(u), t \ t0,
Xt0=f ¥MCa(t0, p), t0 \ 0.
(2.1)
We also need the following lemma (see p. 104, Proposition 4.15 [9]).
Lemma 2.1. Given a predictable, Ft-adapted process F(t):WQL
0
2(K, H),
t\ 0. If F(t) k ¥Ha, t\ 0, for arbitrary k ¥K and >t0 E ||F(u)||2L02 du <.,>t0 E ||AaF(u)||2L02 du <., then
Aa F t
0
F(s) dW(s)=F t
0
AaF(s) dW(s).
Assumption B. For arbitrary c, t ¥ Ca and t0 [ t [ T, suppose that there
exist positive real constants N1=N1(T) and N2=N2(T) > 0 such that
||f(t, c)−f(t, t)||p [N1 ||c−t||pCa
||g(t, c)−g(t, t)||pL02 [N2 ||c−t||
p
Ca .
Under Assumption B, we may suppose that there exists a real number
N3=N3(T) > 0 such that ||f(t, t)||p+||g(t, t)||
p
L
0
2
[N3(1+||t||pCa ) for t0 [
t [ T, where T is any fixed time.
Theorem 2.2. Let 0 < a < p−12p . Suppose that the assumptions A and B
hold. Then there exists a unique local continuous solution to (2.1) for any
initial value (t0, f) with t0 \ 0 and f ¥MCa(t0, p).
To prove this theorem, assume T > t0 is a fixed time to be determined
later and DT is the subspace of all continuous processes Z which belong to
the space C([t0−r, T], Lp(W, H)) with ||Z||DT <., where
||Z||DT := sup
t0 [ t [ T
(E ||Zt ||
p
C)
1/p (2.2)
and
E ||Zt ||
p
C :=E{ sup
−r [ s [ 0
||Zt(s)||p}.
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Introduce the following mapping F on DT:
(FZ)(t)=S(t) Aaf(0)+F t
t0
AaS(t−s) f(s, A−aZs) ds
+F t
t0
AaS(t−s) g(s, A−aZs) dW(s), t \ t0,
(FZ)(t)=Aaf(t), t0 \ t \ t0−r.
Lemma 2.3. For arbitrary Z ¥ DT, (FZ)(t) is continuous on the interval
[t0, T] in the Lp-sense.
Proof. Let t0 < t1 < t2 < T. Then for any fixed Z ¥ DT,
E ||(FZ)(t2)−(FZ)(t1)||p [ 3p−1E ||(S(t2)−S(t1)) Aaf(0)||p
+3p−1E >F t2
t0
AaS(t2−s) f(s, A−aZs) ds
−F t1
t0
AaS(t1−s) f(s, A−aZs) ds>p
+3p−1E >F t2
t0
AaS(t2−s) g(s, A−aZs) dW(s)
−F t1
t0
AaS(t1−s) g(s, A−aZs) dW(s)>p [ I1+I2+I3.
Thus, we obtain by the condition (d) of Assumption A and Assumption B that
I1 [ 3p−1E ||S(t2−t1) S(t1) Aaf(0)−S(t1) Aaf(0)||p
[ 3p−1Npa(t2−t1)pa E ||AaS(t1) Aaf(0)||p
and
I2 [ 6p−1E >F t2
t1
AaS(t2−s) f(s, A−aZs) ds>p
+6p−1E >F t1
t0
Aa(S(t2−s)−S(t1−s)) f(s, A−aZs) ds>p
[ 6p−1E 1F t2
t1
||AaS(t2−s) f(s, A−aZs)|| ds2p
+6p−1E 1F t1
t0
||AaS(t1−s)(S(t2−t1)−I) f(s, A−aZs)|| ds2p
=I21+I22.
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Therefore, there exist positive constants, Q21, Q22 > 0 and E1=1−a+
p
q > 0
such that
I21 [ 6p−1MpaN2E 1F t2
t1
(t2−s)−a e−a(t2 −s)(1+||Zs ||
p
C)
1/p ds2p
[ Q21(t2−t1)1+E1 (1+||Z||pDT )
and
I22=6p−1E 1F t1
t0
>AaS 1 t1−s
2
2 (S(t2−t1)−I) S 1 t1−s2 2 f(s, A−aZs)> ds2p
[ 6p−1N2NaE 1F t1
t0
1 t1−s
2
2−a e−a(t1 −s2 )
·>(S(t2−t1−1)−I) S 1 t1−s2 2 f(s, A−aZs)> ds2p
[ 6p−1N2NaE 3F t1
t0
1 t1−s
2
2−2a e−2a(t1 −s)((t2−t1)a ||f(s, A−aZs)||) ds4p
[ Q22(t2−t1)pa (1+||Z||pDT ).
In a similar way, we have by using Lemma 7.2 in [9] that
I3 [ 6p−1E >F t2
t1
AaS(t2−s) g(s, A−aZs) dW(s)>p
+6p−1E >F t1
t0
Aa(S(t2−s)−S(t1−s)) g(s, A−aZs) dW(s)>p
[ 6p−1E 1F t2
t1
||AaS(t2−s) g(s, A−aZs)||
2
L
0
2
ds2p/2
+6p−1E 1F t1
t0
||AaS(t1−s)(S(t2−t1)−I) g(s, A−aZs)||
2
L
2
0
ds2p/2
=I31+I32.
Then, it follows that there exist positive constants Q31 > 0 and E2=
(p−1−2p2a)/2p > 0 such that
I31 [ 6p−1MpaNp3E 1F t2
t1
(t2−s)−2a e−2a(t2 −s)(1+||Zs ||
2
C) ds2p/2
[ Q31(t2−t1)1+E2 (1+||Z||pDT ).
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Let {en}, n \ 1, be a complete orthonormal basis of the separable Hilbert
space K such that Q1/2en=`ln en, where Q is the covariance operator of
Wiener process W. Then, we obtain that there exists a positive constant
Q32 > 0 such that
I32=6p−1E 1F t1
t0
>AaS 1t1−s
2
2 (S(t2−t1)−I) S 1t1−s2 2 g(s, A−aZs)>2L02 ds2
p/2
[ 6p−1NaCaE 1F t1
t0
1 t1−s
2
2−a e−a(t1 −s2 )
·C
n
>(S(t2−t1)−I) S 1 t1−s2 2 `ln g(s, A−aZs) en>2 ds2p/2
[ 6p−1NaCaE 1F t1
t0
1 t1−s
2
2−2a e−2a(t1 −s)(t2−t1)a ||g(s, A−aZs)||2L02 ds2p/2
[ Q32(t2−t1)pa (1+||Z||pDT ).
Since Z ¥ DT, it follows that I1, I2, I3 tend to zero, as t2 Q t1. Therefore, the
proof of the lemma is complete. L
Lemma 2.4. Suppose the operator mapping F and the corresponding
domain DT are defined as above; then F(DT) … DT.
Proof. Let Z ¥ DT. Then we have that
E ||(FZ)t ||
p
C [ 3p−1E sup
−r [ h [ 0
||S(t+h) Aaf(0)||p
+3p−1E sup
−r [ h [ 0
>F t+h
t0
AaS(t+h−s) f(s, A−aZs) ds>p
+3p−1E sup
−r [ h [ 0
>F t+h
t0
AaS(t+h−s) g(s, A−aZs) dW(s)>p
=I4+I5+I6.
Let q= pp−1 ; then we obtain that
I4 [ 3p−1MpE ||f||pCa ,
I5 [ 3p−1MpaE sup
−r [ h [ 0
1F t+h
t0
e−a(t+h−s)(t+h−s)−a ||f(s, A−aZs)|| ds2p
[ 3p−1N3Mpa(T−t0)(C(1−aq)(aq)qa−1)p/q (1+||Z||pDT ).
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Let R(s)=> st0 (s−s)−r S(s−r) g(s, A−aZs) dW(s) with 1p+a < r < 12 ,
I6 [ 3p−1E sup
−r [ h [ 0
>Aa F t+h
t0
(t+h−s)r−1 S(t+h−s) R(s) ds>p
[ 3p−1MpaE sup
−r [ h [ 0
1F t+h
t0
(t+h−s)r−1−a e−a(t+h−s) ||R(s)|| ds2p
[ 3p−1N3Mpa(T−t0)(C(1−(1+a−r) q)(aq)q(1+a−r)−1)p/q
· cpMp
T−pr+
p
2
(1−2r)p/2
(1+||Z||pDT ).
Therefore, we obtain that ||FZ||DT <.. Thus this completes the proof. L
Proof of Theorem 2.2. Let X, Y ¥ DT, then for any fixed t ¥ [t0, T],
E ||(FX)t−(FY)t ||
p
C
[ E sup
−r [ h [ 0
||(FX)(t+h)−(FY)(t+h)||p
[ 2p−1E sup
−r [ h [ 0
>F t+h
t0
AaS(t+h−s)(f(s, A−aXs)−f(s, A−aYs)) ds>p
+2p−1E sup
−r [ h [ 0
>F t+h
t0
AaS(t+h−s)(g(s, A−aXs)−g(s, A−aYs)) dW(s)>p
=I7+I8
and
I7 [ 2p−1N1MpaE sup
−r [ h [ 0
1F t+h
t0
e−a(t+h−s)(t+h−s)−a ||Xs−Ys ||C ds2p
[ 2p−1N1Mpa(T−t0)(C(1−aq)(aq)qa−1)p/q ||X−Y||pDT .
Next, let 1/p+a < r < 1/2 and
D(s)=F s
t0
(s−s)−r S(s−s)(g(s, A−aXs)−g(s, A−aYs)) dW(s);
then we have
I8 [ 2p−1E sup
−r [ h [ 0
>F t+h
t0
(t+h−s)r−1 AaS(t+h−s) D(s) ds>p
[ 2p−1MpaE sup
−r [ h [ 0
1F t+h
t0
(t+h−s)r−1−a e−a(t+h−s) ||D(s)|| ds2p
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[ 2p−1N2Mpa(T−t0)(C(1−(1+a−r)(aq)q(1+a−r)−1)p/q
· cpMp
T−pr+
p
2
(1−2r)p/2
||X−Y||pDT .
Hence, by taking a suitable T > t0 such that T−t0 > 0 is sufficiently small,
we obtain a positive real number B(T) ¥ (0, 1) such that
||FX−FY||DT [ B(T) ||X−Y||DT
for any X, Y ¥DT. Thus, by the well known Banach fixed point theorem we have
a unique fixed point U ¥DT which, settingX(t)=A−aU(t), immediately yields
X(t)=S(t) f(t− t0)+F
t
t0
S(t−s) f(s, X(s)) ds
+F t
t0
S(t−s) g(s, X(s)) dW(s), t \ t0,
X(t)=f(t), t0 \ t \ t0−r,
which proves the existence of a local solution of (2.1). The uniqueness of
the solution is proved similarly. Therefore the proof is complete. L
Theorem 2.5. Assume 0 < a < p−22p and let f: (−.,+.)×Ca QH,
g: (−.,+.)×Ca QL02(K, H) satisfy the assumptions A and B. If there
exists a constant B2 > 0 such that
||f(t, k)||p+||g(t, k)||pL02 [ B2(1+||k||
p
Ca ),
for all k ¥ Ca, t \ t0, then there exists a unique, global continuous solution
X(t): WQHa to the equation (2.1) for any initial value (t0, f) with
f ¥MCa(t0, p).
Proof. If f and g satisfy the global Lipschitz condition, then the proof
of the theorem can be given similarly as a corollary of Theorem 2.2. If f
and g satisfy the local Lipschitz condition, then the proof is given by the
truncation method [6, p. 17]. Hence, we omit the proof. L
3. ALMOST SURE EXPONENTIAL STABILITY
Suppose F(t), t \ 0 is a L02(K, H)-valued predictable process with
E > t0 ||F(s)||2L02 ds <., t \ t0. In [6], Da Prato and Zabczyk proved
E 1 sup
0 [ t [ T
>F t
0
S(t−u) F(u) dW(u)>p2
[ cp sup
0 [ t [ T
||S(t)||p T (p/2)−1E 1FT
0
||F(s)||pL02 ds
2
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for any T \ 0, where cp=(
p(p−1)
2 )
p/2, by using the equation
F t
0
S(t−u) F(u) dW(u)=1 sin pb
p
2 F t
0
(t−u)b−1 S(t−u) Y(u) du, t \ 0,
(3.1)
with Y(u)=>u0 (u−s)−b S(u−s) F(s) dW(s), 0 [ u [ T, 1/p < b < 1/2.
The following lemma is obtained as a consequence of the above mentioned
inequality. However, we would like to give the proof here for the reader’s
convenience. For this end, assume q= pp−1 for any p > 2.
Lemma 3.1. Let 0 < h < p−22p and assume b is any fixed real number such
that 1/p+h < b < 1/2. Then for all t ¥ (t0+r, T)
E 1 sup
−r [ s [ 0
>F t+s
t0
S(t+s−u) F(u) dW(u)>p
h
2
[ cpearMphMpC(p, h, b) C(1−2b) 12a−2ap 22b−1
·F t
t0
e−a(t−s)E ||F(s)||pL02 ds,
where C(p, h, b) :={C(1−q(1+h−b)) aq(1+h−b)−1}p/q and C( · ) is the
usual Gamma function.
Proof. Using (3.1) and the Hölder inequality we obtain that
E 1 sup
−r [ s [ 0
>F t+s
t0
S(t+s−u) F(u) dW(u)>p
h
2
[M −hp E 1 sup
−r [ s [ 0
>F t+s
t0
(t+s−u)b−1 AhS(t+s−u) Y(u) du>p2
[MphE 3 sup
−r [ s [ 0
5F t+s
t0
(t+s−u)q(b−1−h)e−a(t+s−u) du6p/q
·F t+s
t0
e−a(t+s−u) ||Y(u)||p du4 .
On the other hand, we have that
E 3 sup
−r [ s [ 0
1F t+s
t0
e−a(t+s−u) ||Y(u)||p du24
[ ear F t
t0
e−a(t−u)E ||Y(u)||p du
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[ earcpMp F
t
t0
e−a(t−u)E 3F u
t0
(u−s)−2b e−2a(u−s) ||F(s)||2L02 ds
4p/2 du
[ earcpMpE F
t
t0
3F u
t0
(u−s)−2b e−(2a−
2a
p) (u−s)e−
2a
p (t−s) ||F(s)||2L02 ds
4p/2 du
which, by the Young inequality, immediately yields
E 3 sup
−r [ s [ 0
1F t+s
t0
e−a(t+s−u) ||Y(u)||p du24
[ cpearMp 3F t
t0
v−2be−(2a−
2a
p) v dv4p/2 3F t
t0
e−a(t−s)E ||F(s)||pL02 ds
4
[ cpearMpC(1−2b) 12a−2ap 22b−1 F tt0 e−a(t−s)E ||F(u)||pL02 ds.
Therefore, the proof of the lemma is complete. L
Now, we are in a position to present the stability results of the solution
to (2.1).
Theorem 3.2. Assume 0 < h< p−12p . Let f: (−.,.)×Ch QH, g: (−.,.)
×Ch QL
0
2(K, H) satisfy the local Lipschitz condition B. Furthermore
assume that Assumption A is satisfied and there exist nonnegative real
numbers Q1, Q2 \ 0 and continuous functions t1, t2: [0,.)Q R+ such that
E ||f(t, Xt)||p [ Q1E ||Xt ||pCh+t1(t), t \ t0,
E ||g(t, Xt)||
p
L
0
2
[ Q2E ||Xt ||pCh+t2(t), t \ t0,
for any solution X(t) to (2.1). Let L0=L1Q1+L2Q2 with L1=3p−1M
p
h
(C(1−qh) aqh−1)p/q and L2=3p−1M
p
hM
pcpC(p, h, b) C(1−2b)(2a−
2a
p )
2b−1,
where C(p, h, b) is the positive real number given in Lemma 3.1. Suppose
a > L0, where ||S(t)|| [Me−at, t \ 0, and there exist nonnegative real numbers
P1 and P2 \ 0 such that |tj(t)| [ Pje−(a−L0) t (j=1, 2), then there exist posi-
tive constants e > 0 and K(p, e, f) > 0 such that for each t \ t0+2r
E ||Xt ||
p
Ch [K(p, e, f) · e
−e(t− t0).
In other words, the solution is the pth moment exponentially stable.
Proof. Without loss of generality, we suppose t0=0. Let −r [ s [ 0;
then for each t > 2r
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E ||X(t+s)||ph [ 3p−1E ||S(t+s−t0) f(0)||ph
+3p−1E >F t+s
0
S(t+s−u) f(u, Xu) du>p
h
+3p−1E >F t+s
0
S(t+s−u) g(u, Xu) dW(u)>p
h
=I1+I2+I3;
I1 [ 3p−1Mphe−pa(t−r)(t−r)−ph E ||f(0)||p.
On the other hand, by the Hölder inequality we can obtain that
I2 [ 3p−1MphE 1F t+s
0
(t+s−u)−h e−a(t+s−u) ||f(u, Xu)|| du2p
[ 3p−1MphE 1F t+s
0
(t+s−u)−h e−
a
q (t+s−u) · e−
a
p (t+s−u) ||f(u, Xu)|| du2p
[ 3p−1Mphe−as 1F.
0
u−qhe−au du2p/q 1F t+s
0
e−a(t−u)E ||f(u, Xu)||p du2
[ 3p−1Mphe−as(C(1−qh) aqh−1)p/q 1F t+s
0
e−a(t−u)[Q1E ||Xu ||
p
Ch+t1(u)] du2 .
(3.2)
By virtue of Lemma 3.1, we can deduce
I3 [ 3p−1MphMpe−ascpC(p, h, b) C(1−2b) 12a−2ap 22b−1
·F t+s
0
e−a(t−u)[Q2E ||Xu ||
p
Ch+t2(u)] du.
Suppose that M0=3p−1M
p
hr
−pheparE ||f(0)||p, L1=3p−1M
p
h(C(1−qh) a
qh−1)p/q,
and L2=3p−1M
p
hM
pcpC(p, h, b) C(1−2b)(2a−
2a
p )
2b−1; then we have
E ||X(t+s)||ph [M0 · e−at+L0e−a(t+s) F
t+s
0
eauE ||Xu ||
p
Ch du
+e−at F t+s
0
eau(L1t1(u)+L2t2(u)) du (3.3)
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for each t \ 2r, where L0=L1Q1+L2Q2. Therefore, we have for arbitrary
e ¥ R+ with 0 < e < a and T > 0 large enough
FT
0
eetE ||X(t+s)||ph dt [M0 F
T
0
e−at+et dt+L0 F
T
0
eet−a(t+s) F t+s
0
eauE ||Xu||
p
Ch du dt
+FT
0
e−at+et F t+s
0
eau(L1t1(u)+L2t2(u)) du dt. (3.4)
On the other hand, for −r [ s [ 0 and t > 2r
FT
0
e et−a(t+s) F t+s
0
eauE ||Xu ||
p
Ch du dt
[ F 0
s
F u−s
0
eauE ||Xu ||
p
Ch · e
−as−(a− e) t dt du
+FT
0
FT
u−s
eauE ||Xu ||
p
Ch · e
−as−(a− e) t dt du
=
1
a− e
F 0
s
ea(u−s)E ||Xu ||
p
Ch du+
1
a− e
FT
0
ea(u−s) · e−(a− e)(u−s)E ||Xu ||
p
Ch du
=
1
a− e
F 0
s
ea(u−s)E ||Xu ||
p
Ch du+
1
a− e
FT
0
e e(u−s)E ||Xu ||
p
Ch du. (3.5)
Therefore, substituting (3.5) into (3.4) yields
FT
0
e etE ||X(t+s)||ph dt
[M0 ·F
T
0
e−at+et dt+
L0ear
a− e
F 0
−r
eauE ||Xu ||
p
Ch du+
L0e er
a− e
FT
0
e etE ||Xt ||
p
Ch dt
+FT
0
e−at+et F t+s
0
eau(L1t1(u)+L2t2(u)) du dt,
which, by virtue of the continuity of X(t), t \ 0, immediately implies
FT
0
e etE ||Xt ||
p
Ch dt
[M0 ·F
T
0
e−at+et dt+
L0ear
a− e
F 0
−r
eauE ||Xu ||
p
Ch du+
L0e er
a− e
FT
0
e etE ||Xt ||
p
Ch dt
+FT
0
e−at+et F t+s
0
eau(L1t1(u)+L2t2(u)) du dt. (3.6)
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On the other hand, since a > L0 by assumption, it is possible to choose a
suitable e ¥ R+ with 0 < e < a−L0 small enough so that
L0e er/(a− e) < 1,
which, letting T > 0 tend to infinity and using (3.6), immediately yields
F.
0
e etE ||Xt ||
p
Ch dt [
1
1−
L0e er
a− e
1M0 ·F.
0
e−(a− e) t dt+
L0ear
a− e
F 0
−r
eauE ||Xu ||
p
Ch du
+FT
0
e−at+et F t+s
0
eau(L1t1(u)+L2t2(u)) du dt2
:=KŒ(p, e, f) <.. (3.7)
By virtue of (3.2), (3.3) and (3.7), we can easily deduce (note 0 < e < a−L0)
E ||Xt ||
p
Ch [M0 · e
−et+M1(e) · e−et+L0 · e ere−et F
.
0
e euE ||Xu ||
p
Ch du
[ (M0+M1(e)+L0 · e erKŒ(p, e, f)) e−et :=K(p, e, f) e−et,
whereM1(e)=>.0 e et(L1t1(u)+L2t2(u)) du <., i.e.,
E ||Xt ||
p
Ch [K(p, e, f) e
−et. L
Theorem 3.3. Suppose that all the conditions of Theorem 3.2 are
satisfied. Then the solution is almost surely exponentially stable. Moreover,
there exists a positive constant e > 0 such that
lim sup
tQ.
log ||X(t)||h
t
[ −
e
2p
a.s.
Proof. For each fixed positive real number eN > 0 (N=2, 3, ...),
P ( sup
N [ t [N+1
||X(t)||h > eN)
[ 1 3
eN
2p E ( sup
N [ t [N+1
||S(t−N+1) X(N−1)||ph)
+1 3
eN
2p E 1 sup
N [ t [N+1
>F t
N−1
S(t−u) f(u, Xu) du>p
h
2
+1 3
eN
2p E 1 sup
N [ t [N+1
>F t
N−1
S(t−u) g(u, Xu) dW(u)>p
h
2
=I1+I2+I3.
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Hence, in view of Theorem 3.2, we have
I1=1 3
eN
2p E ( sup
N [ t [N+1
||S(t−N+1) AhX(N−1)||p)
[ 13M
eN
2p E ||AhX(N−1)||p
[ 13M
eN
2p E ||XN−1 ||pCh
[ 13M
eN
2p 3M0e−e(N−t0 −1)+FN−1
t0
(L1t1(u)+L2t2(u)) e−e(N−u−1) du4
[ 13M
eN
2p 3M0e e+2
e
(L1P1+L2P2)4 e−12 e(N−t0).
Therefore, there exists a positive real number R0 > 0 such that
I1 [ 13M
eN
2p R0e−12 e(N−t0).
Next, by a straightforward computation we have
I2 [ 1 3
eN
2pMphE 3 sup
N [ t [N+1
1F t
N−1
(t−u)−h e−a(t−u) ||f(u, Xu)|| du2p4
[ 1 3
eN
2pMphE 3 sup
N [ t [N+1
51F t
N−1
(t−u)−qh du2p/q F t
N−1
||f(u, Xu)||p du64
[ 1 3
eN
2pMph 1 21−qh1−qh2p/q 1FN+1N−1 [Q1E ||Xu ||pCh+t1(u)] du2 .
Hence, by using Theorem 3.2 we can get there exists a positive real number
R1 > 0 such that
I2 [ 1R1
epN
2 e−e(N−t0).
Finally, by virtue of Lemma 3.1 we have that there exists a positive real
number R2 > 0 such that
I3 [ 13M
eN
2p cpC(p.h, b) C(1−2b) a2b−1 1FN+1
N−1
[Q2E ||Xu ||
p
Ch+t2(u)] du2
[ 1R2
epN
2 e−e(N−t0).
86 TANIGUCHI, LIU, AND TRUMAN
Thus, there exists a positive real number r1 > 0 such that
P ( sup
N [ t [N+1
||X(t)||h > EN) [ 1 r1
epN
2 e−12 e(N−t0). (3.8)
Therefore, we have the desired conclusion by a Borel–Cantelli lemma
argument and consequently the proof is complete. L
4. EXAMPLE
In this section we shall present an example on the almost sure Lyapunov
exponential stability of solutions of stochastic partial functional differential
equations. Let H=L2(0, p) and K=R1 with the norms || · || and | · |,
respectively. Let A: L2(0, p)Q L2(0, p) be the linear operator defined by
Az=−(“2/“x2) z, where D(A)={z ¥H : z, ddx z are absolutely continuous,
and (d2/dx2) z ¥H, z(0)=z(p)=0}. Let p > 2, 0 < h < p−22p and suppose
r > 0 is a positive real number. Set Hh=D(Ah) and Ch=C([−r, 0], Hh).
It is well known that A is a closed, densely defined linear operator. b1(t)
denotes a one-dimensional standard Brownian motion.
Example 4.1. Consider the stochastic delay reaction-diffusion equation
dX(t, x)=5 “2“x2X(t, x)+F(t, X(t−r1(t), x))6 dt+G(t, X(t−r2(t), x)) db1(t)
X(t, 0)=X(t, p)=0, t \ 0,
X(s, x)=f(s, x), −r [ s [ 0, 0 [ x [ p,
where r1, r2 are continuous functions with 0 < r1(t) < r, 0 < r2(t) < r for all
t \ 0 and f ¥ Ch. Suppose F: (−.,+.)×R1Q R1 and G: (−.,+.)×
R1Q R1 are continuous and global Lipschitz continuous in the second
variable. Assume
(H) there exist positive real numbers Q1, Q2 > 0 and continuous func-
tions t1, t2: [0,.)Q R+ such that
|F(t, y)|p [ Q1 |y|p+t1(t), t \ 0, y ¥ R1,
|G(t, y)|p [ Q2 |y|p+t2(t), t \ 0, y ¥ R1.
Suppose that Q1, Q2 > 0 are sufficiently small positive numbers such that
a > L0, where L0 is given in Theorem 3.2. If there exist nonnegative
real numbers P1, P2 \ 0 such that |ti(t)| [ Pie−(a−L0) t, (i=1, 2) for all
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t \ 0, then there exists a global solution X(t)=X(t, h, f) ¥Hh and
furthermore a positive constant e > 0 such that
lim sup
tQ.
log ||X(t)||h
t
[ −
e
p
, a.s.
Proof. First of all, note that there exists a complete orthonormal set
{zn} (n=1, 2, ...) of eigenvectors of A with zn(x)=`2p sin nx and the
analytic semigroup S(t), t \ 0 which is generated by −A such that
Az=C
.
n=1
n2(z, zn) zn, z ¥D(A),
S(t) z=C
.
n=1
exp(−n2t)(z, zn) zn, z ¥H.
We define Ah (actually |A|h) for self-adjoint operator A by the classical
spectral theorem and it is easy to deduce
|A|h e−Atz=C
.
n=1
(n2)h e−n
2t(z, zn) zn,
which immediately implies
||Ahe−Atz||2=C
.
n=1
n4he−2n
2t |(z, zn)|2=e−2att−2h C
.
n=1
(n2t)2h e−(2n
2−2a) t |(z, zn)|2.
(4.1)
On the other hand, define the function
d(x)=xhe−(x−at)=eh ln x−(x−at), x > 0
which achieves its maximum when x=h, i.e., x=h=n2t in (4.1). There-
fore,
xhe−(x−at) [ hhe−(h−at) [ hhe−h(1−a)
as t=h/n2 < h for n \ 1 and a > 0. However, if 1 > a, then
e−(1−a) [
1
1−a
,
which immediately implies that
xhe−(x−at) [ hh(1−a)−h=1 h
1−a
2h .
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Hence, let 0 < a < 1 and M \ 1 be two any fixed real numbers and let
Mh={
h
(1−a)}
h; then we have that
||S(t) z|| [Me−at ||z||, t > 0,
||AhS(t) z|| [Mhe−att−h ||z||, t > 0,
for all z ¥H. Now let f(t, k)(x)=F(t, k(−r1(t))(x)) and g(t, k)(x)=
G(t, k(−r2(t))(x)) for all k ¥ Ch=C([−r, 0], Hh) and any x ¥ [0, p].
Since we have that for any fixed s ¥ [−r, 0],
||k(s)−f(s)||2=Fp
0
|k(s)(x)−f(s)(x)|2 dx
=C
.
n=1
(k(s)−f(s), zn)2
[ C
.
n=1
n4h(k(s)−f(s), zn)2
=||Ah(k(s)−f(s))||2
[ ||k−f||2Ch ,
we then get that the functions f(t, k) and g(t, k) are globally Lipschitz
continuous in k ¥ Ch. Furthermore since ||k(−r1(t))||p [ ||k||pCh , t \ 0, and
by Condition (H), we have
||f(t, k)||p=Fp
0
|F(t, k(−r1(t))(x))|p dx
[ Fp
0
{Q1 |k(−r1(t))(x)|p+t1(t)} dx
[ Q1 ||k||pCh+pt1(t), t \ 0,
and similarly
||g(t, k)||p2=Q2 ||k||
p
Ch+pt2(t), t \ 0
for all k ¥ Ch. Hence, all the conditions in Theorem 3.2 are satisfied.
Therefore, we have the desired conclusion by Theorem 3.3. L
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